We show that interactions result in the emergence of a definite relative-phase between two initially incoherent Bose-Einstein condensates. The many-realization interference fringe visibility is universal at g
Ever since their first realization [1] , interference experiments between two Bose-Einstein condensates (BECs) released from a double-well trap, have raised fundamental questions concerning gauge symmetry breaking and the appearance of macroscopic coherence in the bose quantum gas. Two extreme cases are usually contrasted: When the condensates are separated, the state of the system corresponds to a relative-number squeezed state, approaching a Twin-Fock preparation for fullyindependent and equally populated BECs. The corresponding interference pattern was predicted to have an arbitrary relative phase in each experimental run, varying randomly from one realization to another [2, 3, 4, 5] . Thus, the many-realization average fringe visibility vanishes for such preparation. By contrast, when the two condensates are coupled, the initial state corresponds to a coherent preparation with a definite relative phase between the constituent BECs, reflected by a 'phaselocked' reproducible interference pattern and near-unity many-realization fringe visibility. Such coherent splitting, maintaining a definite relative phase between the condensates, was demonstrated in atom-chip experiments [6] .
The effect of interactions on the fringe visibility of coherent preparations, has recently attracted much attention [6, 7, 8, 9, 10, 11, 12, 13] . Given time to evolve under the influence of inelastic collisions between the atoms, the relative-phase of the separated BECs disperses because the basis relative-number (Fock) states oscillate with different frequencies [6, 7, 8, 9] . This process has come to be known as phase-diffusion [10, 11, 12, 13] . Its dynamics which is closely related to the Josephson effect in superconductors, can be studied within the two site Bose-Hubbard model [14, 15] ,
as a function of the characteristic interaction strength u = U N/J, where J and U denote the coupling and collisional interaction energies, respectively [13] . The angular momentum operatorsL
1 )/(2i), andL z = (n 1 −n 2 )/2, are defined in terms of bosonic annihilation and creation operatorsâ i ,â † i for particles in condensate i = 1, 2, with corresponding particle numbersn i =â † iâ i , satisfying the conservation lawn 1 +n 2 = N ≡ 2ℓ. In the extreme strong-interaction Fock regime u > N 2 , single-particle coherence is lost on a (U √ ℓ) −1 timescale regardless of the initial relative phase ϕ [7] . Coupling the condensates results in phase-locking [16] . However, the required coupling strength to arrest phase-diffusion depends on ϕ [13] . Whereas a ϕ = 0 phase is locked already in the strong-interaction Josephson regime 1 < u < N 2 , a relative phase of ϕ = π is only locked in the weak-interaction Rabi regime u < 1.
In this work we consider the effect of interactions on the fringe-visibility of the initially incoherent preparation. Instead of the initial coherent state obtained by fast splitting, it is possible to prepare the relative-number squeezed state by slow separation [8, 17, 18, 19] . We study the buildup of single-particle coherence between such separated condensates, due to the combined effect of interactions and coupling. In the Fock regime, number squeezed states are a good approximation to the system's eigenstates so that no coherence may form. However, throughout the Josephson regime we find that significant coherence may build up, leading to a non-random phase distribution in a many-realizations interference experiment. The resulting fringe visibility g (1) 12 attains a universal value of ∼ 1/3 throughout the Josephson regime, in excellent agreement with a semiclassical phase-space picture. We also study other, phase-squeezed preparations obtained by unitary rotations of the relativenumber state. Such states are encountered for example, in the phase-acquisition stage of Mach-Zendher interferometry with number-squeezed inputs [20] . We find that fringe visibility buildup for these preparations takes place in the Rabi-Josephson transition point and that it is sensitive to the initial bi-valued relative-phase.
Below we use for representation the Fock space basis states |ℓ, m α where α = x, y, z, which are the joint eigenstates ofL 2 andL α , with ℓ = N/2. We consider the three Fock preparations, inflicting rapid unitary rotations of the Twin-Fock |ℓ, m z state. For all three initial states, the expectation value L y , vanishes identically throughout the evolution with the Hamiltonian (1). Thus, the fringe-visibility in a manyrealizations interference experiment is g
In Fig. 1 we plot the dynamics of L x /ℓ with N = 1000 particles, starting from the three Fock preparations, for various values of the interaction parameter u. We make the following observations: (i) When starting from the site number state |ℓ, 0 z interactions lead to the formation of a non-vanishing single-particle coherence when u < N 2 . This coherence persists well into the Josephson regime. (ii) Similarly, finite coherence is obtained for the |ℓ, 0 x,y preparations, but only for relatively weak interactions u ∼ 1. (iii) The coherence evolution for the |ℓ, 0 x state exhibits oscillations and beating absent from the dynamics of the |ℓ, 0 y preparation, approaching a different mean value.
The dynamics of fringe visibility could be interpreted using a semiclassical picture [13, 22, 23, 24, 25] . Clasical (mean-filed) trajectories are given by the equal energy contours of the Gross-Pitaevskii energy functional,
which is restricted to the unit Bloch sphere. In the Rabi regime all motion is essentially linear and the trajectories correspond to slightly perturbed Rabi Oscillations. In the Josephson regime the spherical phase-space is split by a figure-eight separatrix trajectory (Fig 2(a) ), to a linear 'sea' (blue) and two interaction-dominated nonlinear 'islands' (green). Finally, in the Fock regime the linear domain becomes smaller than Planck cell, and therefore effectively disappears. In what follows we will assume for simplicity that the interaction is repulsive, i.e. u > 0. Since u → −u, ϕ → ϕ + π implies E → −E, the phase space picture for attractive interactions, is a mirror image of the u > 0 contours. Semiclassical WKB quantization [13, 23, 24, 25 ] is attained by demanding that A(E n ) = (4π/N )(n + 1/2) where A(E) is the phase-space area enclosed by a fixed energy E contour, and 4π/N is the Planck cell. As a result, level spacing is determined from the classical oscillation frequency ω(E) = [A ′ (E)] −1 . The resulting spectrum constitutes in agreement with the classical phase-space structure: (a) low-energy sea levels extending from E − = −ℓJ with Josephson-frequency spacing ω J ≡ ω(E − ) = (J + N U )J, (b) separatrix levels around E x = ℓJ with spacing ω x = 2ω J / log(N 2 /u), and (c) high-energy island levels, approaching E + ≈ ℓ 2 U , with characteristic spacing ω + ≈ N U between nearly degenerate pairs. We note parenthetically that in the strict classical limit (N → ∞ keeping u fixed) the separatrix frequency vanishes [26, 27] but due to the slow log(N ) convergence to classicality [11] , for finite N it only differs from the Josephson frequency by a logarithmic factor. In the Rabi regime, we have E + < E x and the entire spectrum consists of sea levels, whereas in the Fock regime the ground state's energy lies above E x so that all levels reside in the islands.
To understand the dynamics of the three Fock preparations, it is useful to consider their Wigner function ρ(θ, ϕ). The Wigner functions ρ (α) depicting the |ℓ, 0 α preparations, lie along the corresponding great circles around the α axes, as shown in Fig. 2(a) . The Wigner functions of the BHH eigenstates ρ (n) are concentrated along the contour lines of the Gross-Pitaevskii classical energy functional. Thus, the expansion coefficients of the |ℓ, 0 α preparation, in terms of the BHH eigenstates |E n can be estimated by the semiclassical prescription Fig. 2(b)-(d) we plot the coefficients P (E n ) for the |ℓ, 0 x,y,z preparations, for u = 1. the BHH. It is clear from the phase-space landscape of Fig. 2(a) that the eigenstate expansion should be quite different for the three initial states. The state |ℓ, 0 x lies entirely in the sea, overlapping a narrow band of linear eigenstates. By contrast, the state |ℓ, 0 y straddles the entire spectrum, including sea, separatrix, and island levels, whereas the |ℓ, 0 z state consists of all sea levels up to the separatrix energy, but does not project at all onto the nonlinear islands. This observation is reflected well in the numerical results with the expected extent of the local density of states and caustics obtained for trajectories of tangency with the initial Wigner distribution. For example, for the |ℓ, 0 x preparation, the highest expansion coefficients in Fig. 2(b) are obtained for the energy contours E n ≈ E(π/2, π/2) = 0 and E n ≈ E(π, ϕ) = uN J/4 = 375J (for u = 1.5 and N = 1000), marked by bold (blue) lines in Fig. 2(a) .
In order to relate the probability distributions of Fig. 2(b)-(d) to the time evolution depicted in Fig. 1 , we plot the frequency distribution P (ω n ) with ω n = E n+1 − E n , for the three initial Fock states, in Fig 3. In this picture, frequencies extend from the separatrix levels with ω ∼ ω x , through the equally-spaced ω ∼ ω J low energy sea levels, to the maximal level spacing ω ∼ ω + at the top of the nonlinear islands. In the Rabi regime (Fig 3(a) ), the |ℓ, 0 x preparation corresponds to a narrow distribution of sea levels with two dominant frequencies corresponding to the classical trajectories tangential to the L x = 0 great circle. Hence beating is observed around the Josephson frequency. In comparison, the states |ℓ, 0 y,z have at their disposal the entire sea frequency range, allowing for the continuous buildup of single particle coherence.
In the Josephson regime (Fig 3(b) ,(c)) the separatrix and islands appear. The states |ℓ, 0 x and |ℓ, 0 y begin to penetrate the islands and project into the high-frequency regime at u = 2 and u = 1, respectively. Consequently, if u is large enough, L x never attains a significant magnitude (solid and dash-dotted lines in Fig. 4 ). By contrast, the frequency-span of the preparation |ℓ, 0 z remains within the ω x < ω < ω J range and time-averaged coherence of g (1) 12 ∼ 0.35 − 0.40 at a relative phase ϕ = 0 is maintained throughout the Josephson regime ( Fig. 1 and dashed line in Fig. 4) . Finally, in the Fock regime, the entire phase space is nonlinear, the |ℓ, 0 z preparation becomes a narrow distribution of (island) eigenstates of the BHH, and the interaction does not induce dynamical phase-locking.
The value of the interaction-induced fringe-visibility obtained for initially separated condensates can be deduced from the classical time evolution of their Wigner distribution ρ(θ, ϕ). The Wigner distribution of the twin Fock state |ℓ, 0 z (Fig. 5(a) ) lies along the L z = 0 great circle, passing throughout the linear sea region of phase space, up to the separatrix trajectory. Due to the variation of characteristic frequency from ω x near ϕ = π to ω J near ϕ = 0, propagation in time results in a 'spiral' motion of the Wigner distribution (Fig. 5(b) ), which for ω J t ≫ 1 becomes spread out throughout the sea (Fig. 5(c) ). The phase-distribution, obtained by tracing ρ(θ, ϕ) over θ is not uniform since all classical sea trajectories pass through ϕ = 0 whereas only the separatrix trajectory passes through ϕ = π. The average value of the coherence L x for this nearly-uniform distribution is given by where θ x (ϕ) is the separatrix energy contour,
In the Josephson regime we can approximate cos [θ x (ϕ)] = 2(1 + cos ϕ)/u. Substituting this approximate separatrix line into Eq. (4), we obtain that L x ωJ t≫1 = ℓ/3. This value is in good agreement with the numerical results of Fig. 4 . Averaging numerically over the classical distribution, we find that the coherence dynamics overlaps the numerically-exact quantum calculation ( Fig. 5(d) ), with a quasi-equilibrium value of L x ωJ t≫1 = 0.37ℓ for u = 100. This value is universal throughout the Josephson regime, regardless of the exact values of u and N .
In conclusion, starting from a relative-number state of equally populated BECs (a Twin-Fock state), interactions in the Josephson regime 1 < u < N 2 , result in the build-up of single-particle coherence. This phaselocking process is robust, insensitive to the exact value of the coupling, and has the opposite effect compared to phase-diffusion. Significant average fringe visibility of g (1) 12 ∼ 1/3 is generically obtained throughout the Josephson regime, regardless of interaction parameters or particle number , in excellent agreement with semiclassical analysis. Interactions thus serve to select a non-random relative-phase in the weak merging of initially fully-separated condensates. The proposed mechanism is fundamentally different from the deterministic, single-condensate reflection fringes obtained in collisions of effectively immiscible BECs [28] and requires a much weaker interaction strength, typical of current BEC interference experiments. For the phase-squeezed states obtained by unitary rotations of the Twin-Fock state, we find phase-sensitive dynamics of the fringe-visibility in the weak interaction regime, also explained to excellent accuracy within the semiclassical picture.
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